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Theorem: Let V be an inner product space and S= {w1, w2,…….wn } be a linearly independent 

subset of V. Define S’={ v1, v2,……….vn} where v1=w1 and vk= wk - ∑
<𝑤𝑘,𝑣𝑗>

⟦𝑣𝑗⟧
2 𝑣𝑗

𝑘−1
𝑗=1  for 

2≤k≤n.Then S’is an orthogonal set of non-zero vectors such that Span (S’)= Span (S’).  

Proof: We prove the statement by induction on n. 

For n =1 , 𝑆1
′=𝑆1⟹ v1= w1, and w1≠0 as S1 ={ w1} is linearly independent. 

Assume that Sk-1 ’={ v1, v2,……….vk-1} has been constructed with the desired properties. 

Claim: Sk ’={ v1, v2,……….vk} is  orthogonal with the desired properties while Sk= {w1, w2,…,wk } 

is a linearly independent subset of V. 

Since Sk-1 ’={ v1, v2,……….vk-1} has been constructed with the desired properties therefore v1 ≠0,v2 

≠0,……….vk-1≠0 and if vk=0 , then 

 wk = ∑
<𝑤𝑘,𝑣𝑗>

⟦𝑣𝑗⟧
2 𝑣𝑗

𝑘−1
𝑗=1  ,contradicts the fact that Sk is linearly independent set. 

∴ vk ≠ 0. 

Consider, < vk,vi >=< wk - ∑
<𝑤𝑘,𝑣𝑗>

⟦𝑣𝑗⟧
2 𝑣𝑗

𝑘−1
𝑗=1 ,vi> 

                               = < wk ,vi> - < ∑
<𝑤𝑘,𝑣𝑗>

⟦𝑣𝑗⟧
2 𝑣𝑗

𝑘−1
𝑗=1 ,vi> 

                               = < wk , vi> - 
<𝑤𝑘,𝑣𝑗>

⟦𝑣𝑗⟧
2  ⟦𝑣𝑗⟧

2
( because Sk-1 ’={ v1, v2,……….vk-1} is an orthogonal 

set.) 

                               = 0.  

⟹ Sk ’is an orthogonal subset of V with the property  v1=w1 and vk= wk - ∑
<𝑤𝑘,𝑣𝑗>

⟦𝑣𝑗⟧
2 𝑣𝑗

𝑘−1
𝑗=1  for 2≤k≤n. 

⟹ Span(Sk ’ ) ⊆ Span (Sk )   and dim(Span(Sk ’ ))=k=dim(Span (Sk )). 

Thus Span(Sk ’ ) = Span (Sk ).Hence according to induction hypothesis , the statement is true for n=k. 

Remark: The process of converting the linearly independent set into orthogonal is called 

Gram-Schmidt Process. 

Theorem: Let V be a non-zero finite dimensional inner product space. Then V has an 

orthonormal basis β. Furthermore if  β= {v1, v2,…….vn } and x ∈ V, then x= ∑ < 𝑥, 𝑣𝑗 
𝑛
𝑗=1 > 𝑣𝑗. 
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Proof: Let α be the basis of V and thus is a linearly independent subset of V. Gram Schmidt process 

converts into orthogonal set γ such that V= Span(α)=Span(γ). So, Y is orthogonal basis for V. 

Normalize the basis set γ to get the orthonormal basis β for V. 

Clearly, if  x ∈ V, then x= ∑ < 𝑥, 𝑣𝑗 
𝑛
𝑗=1 > 𝑣𝑗. 

Remark: Let V be a finite dimensional inner product space with an orthonormal basis β= {v1, 

v2,…….vn }. Let T be a linear operator on V and let A=[T]β.Then for any i and j ,Aij =< 𝑇( 𝑣𝑗),𝑣𝑖 > . 

But for ,T(vj) ∈ V, then T(vj)= ∑ <, T(𝑣𝑗), 𝑣𝑖
𝑛
𝑗=1 > 𝑣𝑖.(?) therefore Aij =< 𝑇( 𝑣𝑗),𝑣𝑖 >. 

Example: Find the orthonormal basis for P2(R). 

Vector space P2(R) with the product <f(x),g(x)>= ∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡
1

−1
 is an inner product space 

over R. 

β={1,x,x2 } is the standard ordered basis for P2(R). 

Gram Schmidt process gives us orthogonal basis γ= { v1, v2,v3} 

Where v1=1, ||v1||
2=< v1, v1>= ∫ 12𝑑𝑡

1

−1
 =2 and< v1, x>=  ∫ 𝑡. 1𝑑𝑡

1

−1
=0. 

Thus  v2= x- 
<𝑣1,𝑥>

⟦𝑣1⟧2 𝑣1 = x  and ||v2||
2=< v2, v2>= ∫ 𝑡2𝑑𝑡

1

−1
 = 

2

3
 

< v1, 𝑥2>= ∫ 1. 𝑡2𝑑𝑡
1

−1
 =

2

3
 and < v2, 𝑥2>= ∫ 𝑡. 𝑡2𝑑𝑡

1

−1
 =0. 

v3= x 2- 
<𝑣1,𝑥2>

⟦𝑣1⟧2 𝑣1 -  
<𝑣2,𝑥2>

⟦𝑣2⟧2 𝑣2 = x2- 
1

 3
. 

Normalize to get orthonormal: 

𝑢1 =  
𝑣1

⟦𝑣1⟧
=

1

√2
 

𝑢2 =  
𝑣2

⟦𝑣2⟧
= √

3

2
 𝑥 

𝑢3 =  
𝑣3

⟦𝑣3⟧
= √

5

8
 (3𝑥2 − 8) 

{𝑢1, 𝑢2, 𝑢3} is the desired orthonormal basis for P2(R). 

Remark:   

(1). We can write a polynomial f(x) = 1+2x+3x2 as the linear combination of vectors in the 

orthonormal basis {𝑢1, 𝑢2, 𝑢3}for P2(R). 

f (x)=α1𝑢1+ α2𝑢2+ α3𝑢3 , where αi =<f(x), 𝑢𝑖> for i=1,2,3 

<f(x), 𝑢1> = ∫
1

√2
(1 + 2𝑡 + 3𝑡2 )𝑑𝑡 = 2√2

1

−1
 

<f(x), 𝑢2> = ∫ √
3

2
𝑡(1 + 2𝑡 + 3𝑡2 )𝑑𝑡 =

2√6

3

1

−1
 



<f(x), 𝑢3>= ∫ √
5

8
(3𝑡2 − 1)(1 + 2𝑡 + 3𝑡2 )𝑑𝑡 =

2√10

5

1

−1
. 

f (x)= =<f(x), 𝑢1>𝑢1+ <f(x), 𝑢2>𝑢2+<f(x), 𝑢3>𝑢3. 

(2). Similarly, we can compute orthogonal projection of f(x)=x3 on P2(R). 

f 1(x)= =α1𝑢1+ α2𝑢2+ α3𝑢3 , where αi =<f(x), 𝑢𝑖> for i=1,2,3. 

<f(x), 𝑢1> = ∫
1

√2
𝑡3𝑑𝑡 = 0

1

−1
. 

<f(x), 𝑢2> = ∫ √
3

2
 𝑡 𝑡3𝑑𝑡 =

√6

5

1

−1
. 

<f(x), 𝑢3>= ∫ √
5

8
(3𝑡2 − 1)𝑡3𝑑𝑡 = 0

1

−1
. 

f 1(x)= =<f(x), 𝑢1>𝑢1+ <f(x), 𝑢2>𝑢2+<f(x), 𝑢3>𝑢3 = 
3

5
x,  orthogonal projection on P2(R). 

Definition: Let β be an orthonormal subset of an inner product space V, for x ∈ V, the 

Fourier coefficients of x relative to β is the scalar <x, y> , y ∈ β. 

Definition:  Let S be a non-empty subset of an inner product space V, then the orthogonal 

complement of S is 

S⊥=   { x ∈ V: <x, y>=0 for all y ∈ S}. 

Clearly S⊥ is a subspace of V.(?) 

Remark:  

(1).   {0} ⊥ = V   and V⊥= {0} for an inner product space V. 

(2).   If V = R2 and S= {e2} and S⊥ ={e1}. 

(3).   If W is a finite-dimensional subspace of an inner product space V, then 

        (a) W= (W⊥)⊥. 

           Let  u ∈ W , then < u, z > =0 ,∀  z ∈ W⊥. 

                                       ⟺ u  ∈ (W⊥)⊥ . 

           (b)  W∩W⊥={0}. 

Theorem: Let W be a finite-dimensional subspace of an inner product space V with 

orthonormal basis {v1, v2, …  , vk}, then  for y ∈V , there exists unique vectors u ∈ W and z ∈ 

W⊥ such that y=u + z  if and only if  u =  ∑ < 𝑦, 𝑣𝑗 
𝑘
𝑗=1 > 𝑣𝑗  . 

Proof: Let W be a finite-dimensional subspace of an inner product space V with orthonormal 

basis {v1, v2, …  , vk}, then  for y ∈V , there exists unique vectors u ∈ W and  z ∈ W⊥ such 

that y=u + z . 

Claim:   u =  ∑ < 𝑦, 𝑣𝑗 
𝑘
𝑗=1 > 𝑣𝑗  . 



Since y = u + z 

∴ u= y – z 

u = =  ∑ < 𝑢, 𝑣𝑗 
𝑘
𝑗=1 > 𝑣𝑗  =  ∑ < 𝑦 − 𝑧, 𝑣𝑗 

𝑘
𝑗=1 > 𝑣𝑗  

=  ∑ < 𝑦, 𝑣𝑗 
𝑘
𝑗=1 > 𝑣𝑗- ∑ < 𝑧, 𝑣𝑗 

𝑘
𝑗=1 > 𝑣𝑗=  ∑ < 𝑦, 𝑣𝑗 

𝑘
𝑗=1 > 𝑣𝑗(∵ z∈ W⊥) 

Conversely, let u =  ∑ < 𝑦, 𝑣𝑗 
𝑘
𝑗=1 > 𝑣𝑗  

Claim: There exists unique vectors u ∈ W and z ∈ W⊥ such that y=u + z. 

Consider, <z, vi > =<y -u, vi > = <y , vi > - <u, vi > =<y , vi > - <∑ < 𝑦, 𝑣𝑗 
𝑘
𝑗=1 > 𝑣𝑗 , vi > 

                                                                                      = <y , vi > - <y , vi > = 0                             

(∵ {v1, v2, …  , vk} is orthonormal basis set for W.). 

⟹ z ⊥ vi 

v i ∈ {v1, v2, …  , vk} is arbitrary and thus z ⊥ {v1, v2, …  , vk} , orthonormal basis set for W. 

⟹ z ⊥ x  ,∀ x∈ W and thus z ∈ W⊥. 

< u , z> = < ∑ < 𝑦, 𝑣𝑗 
𝑘
𝑗=1 > 𝑣𝑗 , z >= ∑ < 𝑦, 𝑣𝑗 

𝑘
𝑗=1 >< 𝑣𝑗,z> =0 ⟹ u ∈ W. 

Uniqueness 

Let  y= u + z  and y = u’  + z’ ⟹ u - u’  = z -  z’ ∈ W∩W⊥={0}. 

⟹ u = u’ and z =  z’. 

Theorem: If  S = {v1, v2, …  , vk} is an orthonormal set in a finite dimensional inner product 

space V, then 

(1) S can be extended to an orthonormal basis for V. 

(2) If W = Span(S) , then there exits a subset S’ of orthonormal basis for W⊥  . 

(3) If W is a subspace of V , then V= W⨁ W⊥.   

Proof: Let S = {v1, v2, …  , vk} is an orthonormal set in an n-dimensional inner product space 

V. S being an orthonormal subset of V is linearly independent. 

(1) According to the Replacement Theorem S can be extended to the basis set β ={v1, 

v2,……, vk…...vn } for V. β being the basis set for V is linearly independent , is easily  

converted into orthogonal basis β’ for V(using Gram -Schmidt Process). 

Normalize β’ to get orthonormal basis β’’ for V. 

(2)  Let W = Span(S).Then S is a basis set for W. 

W⊥ is a subspace of V. 

Let S’= { vk+1,    …..,vn }  

Let z ∈ W⊥⊆ V, we have z= ∑ < 𝑧, 𝑣𝑗 
𝑛
𝑗=1 > 𝑣𝑗 . 

 z ∈ W⊥ ⟹ < 𝑧, 𝑣𝑗 > =0   ∀ j=1,2……k 

Thus z= ∑ < 𝑧, 𝑣𝑗 
𝑛
𝑗=𝑘+1 > 𝑣𝑗 and z ∈ W⊥ is arbitrary. 



So W⊥ = Span(S’) and S’ being the subset of linearly independent set β is linearly 

independent and thus the basis for W⊥. Using the Gram- Schmidt process and 

normalizing, we get orthonormal basis for W⊥. 

       (3).  Since for each y in V, there exists unique vectors u ∈ W and z ∈ W⊥ such that 

            y =u+z, therefore if W is a subspace of V then V= W+ W⊥ and W∩W⊥= {0} 

           implies V= W⨁ W⊥. 
 

Remark:  If { e1, e2 } is a basis set for W in F3 , then{ e3} is a basis set for W⊥ 
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